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Motivation

Given f : R→ R.

Integral calculus: Area under f in [a, b]

x

y

a b

f

2 / 4



Integral

b∫
a

f(x) dx

I a, b limits (or bounds) of integration

I f integrand

I x variable of integration

I
∫ b
a
f(x) dx =

∫ b
a
f(t) dt =

∫ b
a
f(e) de

Linearity

I For α, β ∈ R:
∫ b
a
(αf + βg)(x) dx = α

∫ b
a
f(x) dx+ β

∫ b
a
g(x) dx

Positivity and monotonicity:

I f > 0 =⇒
∫ b
a
f(x) dx > 0

I f 6 g =⇒
∫ b
a
f(x) dx 6

∫ b
a
g(x) dx

I
∫ b
a
f(x) dx = area where f > 0− area where f < 0 x

f

Partition and absolute value:

I For a < c < b:
∫ b
a
f(x) dx =

∫ c
a
f(x) dx+

∫ b
c
f(x) dx x

f

a c bI
∫ a
b
f(x) dx := −

∫ b
a
f(x) dx, and

∫ a
a
f(x) dx = 0

I
∣∣∣∫ ba f(x) dx∣∣∣ 6 ∫ ba |f(x)|dx
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Determination of antiderivatives
“Differentiation is mechanics, integration is art.”

f(x) f ′(x)

xα αxα−1

ex ex

ln |x| 1
x

sin(x) cos(x)

cos(x) − sin(x)∫
f(x) dx+ c f(x)

linearity:∫
αf(x)+βg(x) dx = α

∫
f(x) dx+β

∫
g(x) dx

products: ê integration by parts∫
f(x)g′(x) dx = f(x)g(x)−

∫
f ′(x)g(x) dx

(special) quotients:
ê partial fraction decomposition

(special) compositions: ê substitution∫
f(g(x))g′(x) dx = F (g(x)) + c
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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