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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Derivatives of elementary functions and rules for derivatives

f(x) f ′(x)

c (c ∈ R) 0

xα (α 6= 0) α · xα−1

sin(x) cos(x)

cos(x) − sin(x)

tan(x) 1
cos2(x)

cot(x) − 1
sin2(x)

ex ex

ax (a > 0) ln(a) · ax

ln(x) 1
x

loga(x) (a > 0) 1
ln(a)·x

Constant factor rule: for c ∈ R
(c · f)′(x) = c · f ′(x)

Sum rule:

(f ± g)′(x) = f ′(x)± g′(x)

Product rule:

(f ·g)′(x) = f ′(x)·g(x)+f(x)·g′(x)

Quotient rule:(f
g

)′
(x) =

f ′(x)g(x)− f(x)g′(x)
g(x)2

Chain rule:

(f ◦ g)′(x) = f ′(g(x)) · g′(x)

2 / 7
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Differentiability and monotonicity
For f : D → R differentiable:

I f ′(x) > 0 for all x ∈ D ⇐⇒ f monotonically increasing

I f ′(x) > 0 for all x ∈ D =⇒ f strictly monotonically increasing

I f ′(x) 6 0 for all x ∈ D ⇐⇒ f monotonically decreasing

I f ′(x) < 0 for all x ∈ D =⇒ f strictly monotonically decreasing

x

f

−2 −1 1 2
−1

1

2

x

f ′

−2 −1 1 2
−1

1

2

!4Note that f ′(x) > 0 resp. f ′(x) < 0 is only sufficient,
but not a necessary condition for strict monotonicity.

Example: f : R→ R, f(x) := x3, str. mon. increasing, but f ′(0) = 0
3 / 7
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X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?
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Second derivative and convexity/concavity
For D interval, f : D → R:
I f convex, if for all x1, x2 ∈ D and λ ∈ (0, 1):

f(λx1 + (1− λ)x2) 6 λf(x1) + (1− λ)f(x2).
I f strictly convex if “<” instead of “6”
I f (strictly) concave, if −f (strictly) convex,

i.e. “>” (“>”) instead of “6” (“<”)

x
x1 x2

f

x
x1 x2

f

For f two times differentiable:
I f ′′(x) > 0 for all x ∈ D ⇐⇒ f convex.
I f ′′(x) > 0 for all x ∈ D =⇒ f strictly convex.
I f ′′(x) 6 0 for all x ∈ D ⇐⇒ f concave.
I f ′′(x) < 0 for all x ∈ D =⇒ f strictly concave.
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Local extrema
For D ⊂ R and function f : D → R:
x0 ∈ D is called

I local maximum if there exists a neighbourhood
U around x0 such that f(x) 6 f(x0) for x ∈ U

I local minimum if there exists a neighbourhood
U around x0 such that f(x) > f(x0) for x ∈ U

I local extremum if it is a local maximum or a
local minimum.

x

f

xmin

xmax

xmin

xmax

I global maximum if f(x) 6 f(x0) for all x ∈ D.

I global minimum if f(x) > f(x0) for all x ∈ D.

Neighbourhood around U = (arbitrarily small) open subinterval of D that contains x0.

Theorem
For f : D → R differentiable, x0 ∈ D interior point:
If f has a local extremum at x0, then f ′(x0) = 0.

!4For local extrema at boundary points x0 we can have f ′(x0) 6= 0.

x0 ∈ D stationary point if f ′(x0) = 0.
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Criteria for extrema
For f : (a, b)→ R differentiable, x0 ∈ (a, b) stationary point:

. . . using the first derivative:

Theorem
I If f ′(x) > 0 for x < x0 and f ′(x) 6 0 for x > x0,

then f has a local maximum in x0.

I If f ′(x) 6 0 for x < x0 and f ′(x) > 0 for x > x0,
then f has a local minimum in x0.

. . . using the second derivative:

Theorem
For f two times differentiable:

I If f ′′(x0) < 0, then f has a local maximum in x0.

I If f ′′(x0) > 0, then f has a local minimum in x0.

x

f

−2 −1 1 2
−1

1

x

f ′

−2 −1 1 2
−1

1

x

f ′′

−2 −1 1 2
−1

1
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Inflection points

For f : (a, b)→ R, x0 ∈ (a, b):
f has inflection point at x0, if the second derivative changes its sign.

Theorem (Criteria for inflection points)

I If f is two times differentiable and has an inflection point at x0,
then f ′′(x0) = 0.

I If f is three times differentiable, f ′′(x0) = 0 and f ′′′(x0) 6= 0,
then f has an inflection point at x0.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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