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Content

1. Analytic Geometry Il
» Inner product, cross product
» Orthogonality
> Representing planes
> Positional relationships
2. Matrices

> Basic operations
» Maps of the form x — Ax
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Inner product, norm and angle

Standard inner product (Defintion)

Consider any vectors

U1 wq

V2 w2
v = . and w =

Un Wp,

in R™. Then the (standard) inner product of v and w is defined as
follows:

(v, W) := vjw + vows + ... + vyw, = E VW .

In particular, the length ||v|| of v (also called norm) can be written as

follows:
|V||—\/VV V+Vz+'/1+

’-_:xmqpl(; i(l) (1)7 1:(3) 12432 ~ 2T 42 1 ”_W - W
]
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Inner product, norm and angle
Length, distance, angle

Consider any v, w € R™, let (-, ) be the standard inner product and let

|| - || denote the norm. Then
» ||v|| is the length of the vector v,
» ||v — w|| is the distance of v and w,

» the angle a between v and w is given by cos(a) = Héﬁfﬁv‘z,”
u= ( (v.w)
Distance: w cos(a) = Hv‘\l\fﬁVWH

[v-w

Pythagoras:

)P =t + 3
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Inner product, norm and angle

Exercise: Consider v := G) and w := <;’)

(a) Determine the lengths of these vectors.
(b) Determine the angle between v and w.

N RO AT

L) (\/\,/7—((2;,) (g)): 221 +73 = §

- f" 2
(o5 (&) = S22 - f‘ﬂ J/ =

-l f )
=) o= T_L: (redran )
<457 (dlegre)
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Inner product, norm and angle

Exercise: Consider v := G) and w := <é>
(c) Extra problem: For which value z € R is the distance between

) T
Uz = (1 - x)
and v the smallest?
homsat= b (3)-(Ei = (I = Qo= Sl
v Sl x

Swee Hae pof Ak 75 a Sh’cﬂy w-m{m:oa((y Thertasii,y &u"(\’ﬁw/ we need &
fud oy Mven of  £(x),

4oy n®

(= 2y \J Hemce, fr x=/l He dibmnce behvee, o aud
L)~ yn-¢ tl 0o Ix=1 U 18t Suallegh,
)=y £7(1)=4 70 W (8) e (- (T

=) Mulnew &i x=/]
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Orthogonality
Orthogonality

Two vectors v, w in R? or R3 are orthogonal if and only if (v, w) = 0.

Example: Consider the vectors

in () o (2) - (3)-

Then (vi,vo) = —2 and (v1,v3) =0. Hence, v; and v3 are
orthogonal. But v; and vy are not orthogonal.

not
orthogonal 1 1 orthogonal
v
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Orthogonality
Orthogonality

Two vectors v, w in R? or R3 are orthogonal if and only if (v, w) = 0.

Exercise: Consider a triangle with the corner points A := (—1,0, 1),
B:=(1,2,3) and C := (—2,2,0).

(i) Determine the vectors which lead from A to B, from A to C' and
from B to C.
(i) Check whether the given triangle is right-angled.

D, (329)-(3) we (B8] (3) we[i7)[3)
(i) ¢

l) at A He ‘Fiauule I3 r-'jtl{' an,teal

Vag 1 Vae > = 2‘(-4)4-2«21.2.(#)) =D
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Cross product
Cross product (Definition)

U1 wq
Let v= | vy | and w = [ wy | be vectors in R3. Then the cross
U3 w3

VW3 — V3Wwa
product of v and w is defined as follows: vxw := | vsw; — viws
V1W2 — V2wWq

Mnemonic
~~ write the vectors next to each other and
below them add the first two components again
I "~ delete the first row

(%) Wa 2 2 .

v vs determine the entries of v X w using the drawn crosses:

v w1 VW3 — V3W

" W 2W3 — V3W2

VXW= | v3w; —v1W3

ity VW — VW1
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Cross product
Cross product (Definition)

U1 w1y

Let v= | vy | and w = [ wy | be vectors in R3. Then the cross
U3 w3

VW3 — V3Wwa

product of v and w is defined as follows: vxw := | vsw; — viws

V1W2 — V2W1

Important properties

(a) The cross product is only defined in R3!1!
(b) The vector v X w is orthogonal to v and w.

(c) The parallelogramm whose sides are given by v and w has an area

of size [[v x w|| .
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Exercise

3 0 ED-13) = 12 g
(a) Calculate (—2) X (3) T (4 o - 31
1 -3 ‘:’)

M

—ZXZ 0 5 -3
3><o (3 X[} = | -9
N . 1 -3

—
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Exercise 2
4;‘1

(b) Consider the vectors
-1

1
vi=12 and w:=| 0
1 2

(i) Find a vector which is orthogonal to v and w.

(ii) Determine the area of the parallelogramm whose sides are given by

the vectors v and w.
(iii) Find a vector which is orthogonal to v and w, and the length of

which is 1.

0. (j‘.%_;)?f; ) (;)
70 ~20M 2
G lexet= 1 ($)) = fo i = 92

DIV
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Representing planes: parameter

Idea: A plane is determined uniquely if we know a point in the plane and

form

two vectors in the plane which have different directions.

Every point in the plane £
can be reached from P

by walking along multiples of
the vector a and b.

Hence, every point in

z9 can be represented by a position

vector of the form p+Aa4-pub

Parameter form of a plane

Every plane in R? can be described in the following form:

E={p+Xa+ub: A\ pe€R} =p+Span(a,b),

where the points of E are represented by their position vectors.

representation is called parameter form.

This
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Example
In R? there exists a unique plane E which contains the points
R:=(1,1,1), S:=(1,3,2) and T := (—1,4,3). We determine a
parameter form of E.

1
point in the plane: p= | 1 &

1 6
(0,0,0)
\h:\S 0
vectors in the plane:a= [ 2| and b =
1

A parameter form of F is:

1

1
+ Span

1
E= 1+)\2+u ) ANp€eR

1
1
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Exercise

(a) Find a parameter form of the plane E which contains the following
points:
A:=(6,3,0), B:=(-3,10,2) and C:=(5,3,3).

(b) Find a parameter form of the plane F which contains the point
D :=(9,1,9) and is parallel to the plane E.

Solubions 4) pout plane - (%)

3~ ¢
veckors o “‘{ Iﬂ(tu ez vV, = (/10 “1):(

N

e (B-) el -(7)
F?WJ ()v”( ,/ue/ﬁf [ +frm(?)(-°4)>

13) (""]4( My plae /'?)

=~ %(9%%() WGW} ()*Jﬂ"( ("4))
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Representing planes: normal form
Idea: A plane E in R? is determined uniquely if we know a point in the
plane E and a vector (different from o) which is orthogonal to F.

Let n be a vector that
is orthogonal to E.

For every point V on E the
vector v-p between P and

V' is orthogonal to n.

*2 Hence, it holds that (v-p,n) =0
for every position vector v of a

point on E.
zy

Normal form of a plane in R3

Every plane E in R? can be described in the following form:
E={veR’: (v—p,n)=0} ={veR’: (v,n)=(p,n)}.

Here, p represents any point of E. The vector n # o is called normal
vector of F, i.e. it is orthogonal to E. This representation is called
normal form.
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Representing planes: coordinate form

Coordinate form of a plane

Every plane E in R? can be written in the form

x1

B = {x = (zz) eR3: a1xy + ass + asxs = d}
T3

with a1, a9, as3,d € R. This representation is called coordinate form.

The equation a1x1 + asxs + asrs = d describes which condition a point
(z1, 22, x3) must satisfy in order to part of the plane.

How to find a coordinate form

Let a plane E be given in normal form E = {v € R®: (v —p,n) =0}

then a coordinate equation can be found as follows:

Set v = (zi) and rearrange (v — p,n) = 0 to get an equation of the

xr3
form a1x1 + asxs + azrsz = d.
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Example

Example: In R? there exists a unique plane E which contains the points
R:=(1,1,1), S:=(1,3,2) and T := (—1,4,3).

We already know a parameter form of E:

{3 rer) T

1 (]
(0,0,0)

For a normal form of E¥ we need a point p and a normal vector n.
(Hint: Use cross product!)

1
point: p = (1)
i 1
0 -2 1
normal vector: n= (2| x| 3 | = | -2
(0,0,0) 1 2 4

A normal form of E is:
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Example

Example: In R? there exists a unique plane E which contains the points

R:=(1,1,1), S:=(1,3,2) and T := (—1,4,3).

A normal form of E is:

- foew o-().(3)) o}

To obtain a coordinate form, we substitute

T
V = | z2
T3

into the equation of the normal form:

1 1 1
((2)-()-(2))=0 = tm-tmrim-s
NEZURAS

Hence, /y, -4
x; 1 1
("s"‘/E = {<m2) ER?: my — 229 + du3 = 3} .

x3

(x4 <) 4 (% =D + (x7-2)-¢ = O

A»k‘-q—2{l+z¢(‘r2_vzo !
Mxa = ey ey =7

12/26


Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge



Yannick Mogge




Exercise
Find a coordinate form for each of the following planes:

T
el ) ()

foluken L
© h< 3)(;)(;’%0 = < (*’%”1>'(£)>:DS fn;)-f)_;xz<4+(x;-4)-2=o
D Ry tdep T
5 :{(:,?)C-K3 Xy +2y -23
e gt] - (2) T 2 el S () D]

() [ (@0 @ vertmet 70 5 nm oy o2
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Overview: representations

parameter form:

E = {p+Xatpub: A\, pe€ R}

solution set of

a1xy + asxs + azrz =d

R?) normal form:
E={ve R?: (v-pn) =0}

n

P

,d = (pn)

(0,0,0)

E:{(iﬁ

coordinate form:

) € R®: a1z + asxs + azzs = d}
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Hesse normal form and distance

Hesse normal form (Definition) Huy g

A normal form {v € R*: (v —p,n) =0} of a plane is called Hesse
normal form if the length of n equals 1. (||n| =1)

Comment: A normal form can be transformed into a HNF by dividing the
given normal vector by its length.

Example: Consider the plane

B {vews (- () (3)) =0}

The given representation is a normal form, but not a Hesse normal form,
. 2
since the normal vector n = (—12) has length |n|| =3. A normal vector

. 2/3 .
of length 1 is %n = (71%3> Hence, a Hesse normal form is

e=fvem: (v- (. () -}
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Hesse normal form and distance

Hesse normal form (Definition)

A normal form {v € R*: (v —p,n) =0} of a plane is called Hesse
normal form if the length of n equals 1. (||n| =1)

Distance point/plane

Let q be a point (position vector) and let E be a plane in
Hesse normal form E = {v € R*: (v —p,n) =0} then the distance
between q and F equals

|<q_p7n>| .

5
Exercise: Determine the distance between the point q := (g) and the

pIaneE:z{(é)—i—)\(?)—&-u(—}) : )\,MGR}. 2

M:(g’)x(l)=(§) [l =) eytae® =5 n= ?‘ (g; ks {Ve”ﬁ <"“(s)/§@)”"}
2

[<a-p.8 1= [<OR6),5(3) 2l 1< (2) 3 i1 =1 % v
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Positional relationship: line and plane

line intersects plane

line and plane are parallel

line is contained in plane
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Positional relationship: line and plane

Scheme: Positional relationship between line and plane

Let a line g be given in parameter form
g={p+ia: AeR}

and let a plane F be given in coordinate form.

Then one may put the 3 components of the general vector p + Aa of the
line g into the equation of the coordinate form of E. This results in an
equation with variable A for which there are three cases:

» the equation has no solution: then g and E have no common point.

» the equation has a unique solution \: then there is an intersection
point. Its position vector can be determined by substituting the
solution A\ into the general vector p + Aa.

» the equation has infinitely many solutions: g is contained in E.

16/26



Positional relationship: line and plane

Example: We check whether the following line g and the following plane
FE have an intersection point:

2 1 T
g= 3] +x|-2]:2eR and E = 22 | ER®: 22 —20 —2m5=1p.
0 1 xr3

Solution: Every point of g has a position vector of the form

1 2 1 24+ A
mo | = -3 +x[-2] =[-3-2x].
T3 0 1 0+ A
Such a point lies in E if and only if it satisfies 221 — x5 — 223 = 1; hence:

2:(24N) = (=3-2\)—2-(0+A) = 1.

This equation has a unique solution: A = —3. Hence, there is an
intersection point.  Its position vector is

(3) o (2)-(5)

Hence, the intersection point is S = (-1, 3, —3).
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Positional relationship: line and plane

Exercise: Determine the positional relationship of the following plane E
and the following line g:

1
E = xo | €R3: 3xq — dag + 209 = 12
T3
6 4
g:= 21 4+A| 5 ]: AeR
1 10

Slubion: i [6 cuu)
E\/@I7’ paM" oé 9 [da) q Foh'klw. \/QC&N 04 @(«( @orm (:;): [}I) + >\[4;£) :(ftfh
Such a re'M" lief v F if aud omL7 e Ix, - (('kz"zxz—_ 12, hewice
3'(€+‘f>\)~%<(7Ls/\)+2(4+1o>):41
) 8492} -3-200+2+205 =12
&) N0 =12

& »=0
. - au L @chon
Henco, use (v o Were i pemb by gk veckor i (}f) ;:::? . i“:é?’{zj)ﬁo
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Positional relationship: two planes

planes intersect in a line

<@

L

planes are parallel

planes are identical
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Positional relationship: two planes

Scheme: positional relationship of two planes

Assume that two planes E; and E» are given by coordinate forms.
Then each common point (z1, Z2, 23) must satisfy both coordinate
equations which leads to a LES of the form

a1x1 + asxo +azrs =d
bll’l + b2£172 + bg.’Eg =e.
There are three cases:

» the LES has no solution: then F; and E5 have no common point
(parallel).

» the LES has solutions, and both equations are not multiples of each
other: then there is an intersection line which equals the solution set
of the LES.

» the LES has solutions, and one equation is a multiple of the other
equation: then the planes are identical.

Exercises later
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Reminder: System of linear equations

System of linear equations

Let m,n € N. A system of linear equations (LES) in the variables
T1,T32,...,T, is of the form

a1121 + a12Z2 A coo TP ATy = b1

a21%1 + A22%2 + ... + A2pTy = by

A1 21 + 2T + ...+ QT = b

with a;; and b; being (usually real) numbers. An assignment of values
for x1,...,x, such that all equations are satisfied is called a solution of
this system of equations. Such a solution is written as a vector.
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LES: Looking at rows

a1121 + a1222 + ...+ a1pnx, = b1
a21T1 + 229 + ... + aspx, = ba

Am1T1 + QmaXo + ... + ATy = by,

RZ

Equations describe
lines (R?),

planes (R?),
hyperplanes (R™)
Solution set is
their intersection

L7

solving LES = finding intersection of hyperplanes
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LES: Looking at columns

a111 + a12Z2 + ...+ ALy = b1

ag1x1 + ag2x9 + ...+ a9nTy — bg

Am1T1 + GmaXo + ...+ QnTn = b

U rearrange

a1l aiz ain b1

az1 azz azn b2
x|+ . Lo+ ...+ . Ty =

Am1 aAm?2 Amn bm

solving LES = finding linear combination
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LES: Laziness

ail a2 ain b1

az1 a2z asnp bo
xr1 + . To+ ...+ . Ty =

Am1 Am2 Amn bm

~U/ rearrange

aii aig s ain x1 by
a1 az2 -+ az2p T2 b2
am1 aAm?2 ce Amn Tn bm
Real matrix
Let m,n € N. Then
ail a2 s Ain
a1 a2 - Q2p )
A= . ) . with every a;; € R
Am1 aAm?2 e Amn

is called a real matrix. The set of all such matrices is denoted by R"**"™,
m is the number of rows, n is the number of columns of the matrix A.
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