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Numbers

You already know the following numbers:

I N (natural numbers)

I Z (integers)

I Q (rational numbers)

I R (real numbers)

Through elementary operations (addition, subtraction, multiplication and
division) two numbers yield another number.

CRQZN
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Conventions

Order of operations:

I Brackets first (from inside to out)

I Exponents

I Division and Multiplication (from left to right)

I Addition and Subtraction (from left to right)

!4There are some cases where brackets are implied by the notation:

I The fraction line denotes an operation that requires brackets, e.g.

• a± b

c± d
=

(a± b)

(c± d)

I An exponent itself is always in brackets, e.g.

• ax±y = a(x±y)

• ax·y = a(x·y)

• a
x
y = a

( x
y
)
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Brackets

I To override operator precedence, brackets must be used:

I For simplifying a minus in front of brackets, the identity
−(. . .) = −1 · (. . .) is useful.
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Rules

I Commutative law:
Summands or factors can be arbitrarily interchanged, i.e.

a+ b = b+ a and a · b = b · a.

I Associative law:
For summands or factors, order does not matter, i.e.

(a+ b) + c = a+ (b+ c) and (a · b) · c = a · (b · c).

I Distributive law:
Multiplication and addition combine as

a · (b+ c) = a · b+ a · c.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Calculating with fractions

The following identities hold:

I Expansion/Simplifying:
a

b
=

a · c
b · c

I Addition/Subtraction:
a

b
± c

d
=

ad± bc

bd

I Multiplication/Division:
a

b
· c
d
=

ac

bd
and

a
b
c
d

=
a

b
· d
c
=

ad

bc
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Binomial expansion

The following identities hold:

1. (a+ b)2 = a2 + 2ab+ b2

2. (a− b)2 = a2 − 2ab+ b2

3. (a+ b)(a− b) = a2 − b2

Pascals’s Dreieck

n = 0: 1

n = 1: 1 1

n = 2: 1 2 1

n = 3: 1 3 3 1

n = 4: 1 4 6 4 1

7 / 10
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Powers

For a natural number n and a positive real number a,
� we write an as a shorthand for a · a · . . . a︸ ︷︷ ︸

n mal

.

More generally (but with a more complicated interpretation),
one can define ap for an arbitrary real number p.

The following identities hold:

1. (ap)q = apq

2. (ab)p = apbp

3.
ap

bp
=
(a
b

)p
4. apaq = ap+q

5.
ap

aq
= ap−q
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Roots
Roots are special powers: p

√
a = a

1
p .

!4 √
a is only defined for a > 0

and is also greater than or equal to zero itself.

From the rules for powers we obtain:

1.
q

√
p
√
a = pq

√
a

2.
p
√
ab = p

√
a

p
√
b

3.
p
√
a

p
√
b
= p

√
a

b

� We simply write
√
a for the square root 2

√
a.

Powers and roots combine well as the latter is just a special case of the
former: a

p
q = q
√
ap =

(
q
√
a
)p

.
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Positional games

▶ Perfect information game played by two players on a board
X equipped with a family of winning sets F ⊂ 2X .

▶ (m : b)-biased: During each round both players claim m and
b unclaimed elements, respectively, according to some rule.

▶ First player to occupy all elements of a winning set wins the
game.

Famous example: Tic-Tac-Toe!

Usual question: In a given game (and assuming optimal play),
who will win?

Maker-Breaker games

▶ Maker wins, if she is able to claim a winning set.
▶ Breaker wins, if he can prevent Maker from winning.
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Calculating percentages

Fundamental identity:
percentage

100%
=

percentage value

base value
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